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MATHEMATICS 
A PAIR OF DUAL SERIES EQUATIONS INVOLVING 
GENERALIZED BATEMAN k-FUNCTIONS 1) 
BY 
H. M. SRIVASTAVA 
(Communicated by Prof. J. RIDDER at the meeting of June 26, 1971) 
By using a multiplying factor technique as well as by considering 
separately the equations when (i) g(x) = 0, (ii) f(z) = 0, and reducing the 
problem in each case to that of solving an Abel integral equation, an 
exact solution is obtained for the dual series equations 
where ~l+o+l>O, ~~~>Y>cx--@x, ~Y-I-0~1~0, c is a negative and m a 
nonnegative integer, /C;(X) is the generalized Bateman function defined by 
(3) 00s f3y co8 (z tan 6 -v@%, OL > - 1, 
and f(z) and g(x) are prescribed functions. 
1. INTRODUCTION 
In recent years, problems posed by dual equations involving trigono- 
metric series, the Fourier-Bessel series, the Fourier-Legendre series, the 
Dini series, and series of Jacobi, Laguerre and Hermite polynomials have 
been investigated by several workers. To the literature cited in our papers 
[7] and [8], one may add the works of COOKE [3], LO~DES [a], SNEDDON 
[6], and SRI~ASTAVA [9] who has considered the dual equations (1) and 
(2) in the special case when oc =/? =v+ &= 0. Note, however, that Srivas- 
tava’s solution is in error which can easily be traced to the unrestricted 
use of his orthogonality relations (2.5) through (2.7) and to the obvious 
mistakes in his basic formulas (2.10) and (2.11) in [9, p. 7971. 
1) Supported in part by the National Resemch Council of Cmada under (3;rant 
A 7363. See also abstract 7OT-B216 in Notices Amer. Math. Sot. 17, 966 (1970). 
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Yet another interesting special case of (1) and (2) occurs when (r = - 1. 
In this case they would degenerate into the dual equations involving 
series of Laguerre polynomials which we discussed extensively in [7] 
and [8]. Indeed it is easy to verify that the solution obtained earlier 
(cf., e.g., [7, p. 6261) is in complete agreement with the one derived by 
appropriately specializing the present solution of (1) and (2). 
In the course of our investigation of the pair of dual equations (1) 
and (2) we shall require a number of results which we list here for ready 
reference. First of all we recall the following relationship ([9, p. 7961; 
see also [l] for the particular case oc = cr = 0) 
whioh exhibits the fact that the generalized Bateman k-functions are 
the well-known confluent hypergeometric functions of WHITTAKER (cf., 
e.g., [2], p. 4 and pp. 152-163). From (4) it is easy to deduce the orthogo- 
nality property 1) 
where oc + a+ 1 > 0, a+ 15 0, and drnn is the Kronecker delta. 
Also 
(6) 
where m is a nonnegative integer. 
With the help of the relationship (4) one may readily obtain the follow- 
ing forms of the known integrals (l), p. 401 and (20), p. 405 in [6]: 
where or+a> -1, j?>O, and 
1 
T em2 x-2z-2u-1 (z - Qawl kiiz ,+:I (Z) dZ 
(8) 
qY)rpLx-/9+O+n+l) ,-c k2(o(+4-/3 
= p-fl+2Q+‘r(2c%+o+n+ 1) 2(n+&)-f!3 (‘)’ 
where Ba+a+n+l>/?>O. 
1) Throughout this paper u will be understood to take on negative integral 
values. 
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We also note that if f(x) is continuously differentiable on the interval 
[0, a], then the Abel integral equation 
! (X-Y) 3G o(y1 dy=f(x) (O<x<a, 0<1<1), 
possesses a oontinuous solution given by 
(10) 
sin (~21) d y 
Q)(Y)= y-- & d (y!;l-A ax. 
Lastly, it can be proved fairly easily by applying the techniques illus- 
trated in [lo, p. 2291 that the integral equation 
+ 
O(Y) (j _ 
(y-x)” Y-f@) (x>l, O<l<l), 
has a continuous solution in the form 
sin (&) d Oi) O(y)=---y- - f(x) dy ; (x-y)‘-“dz, 
where f(x) and f’(x) are continuous on 1dx-c oo. 
2. SOLUTION BY THE MULTIPLYING FACTOR TECHNIQUE 
If we multiply equation (1) by ez(t -~)2”-2~++1, where m is a non- 
negative integer, equation (2) by e-zx-2b-20-1(x - E)2fl-2r-1, and integrate 
the resulting equations with respect to x over (0, t) and ([, r~) respectively, 
we find, on using formulas (7) and (8), that 
= r(2V-220Lf713) e+ / ez(C - x)2v-2a+w-1 f(x) dx, 
where O<[<y, ~~+cr>-l, 2~-2x+m>O, and 
’ z. q2p+%?&+ 1) qz; tE) (14) 
I P r+2u+1 m = Q2/9-2v) ed : e-= x-2S-2a-1 (x - ,k)eg-2~-1 g(x)&, 
where y<5<00, /?>v, 2v+o+l>O. 
Now multiply equation (13) by 6 and differentiate both sides m times 
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with respect to 5. Making use of formula (6) we thus obtain an equivalent 
form of (13) given by 
j. q2s+Aa+nz-ij 41:::; @) (16) 22v-2a:e-E d" j ez([ -2)2+2*+m-l f(x)&, 
= r(2v-2201+m) ap o 
where 0<5<y, or+o> -1, 2v-20c+m>O, m=O, 1,2, . . . . 
The left-hand sides of (14) and (15) are now identical. Therefore, by 
an appeal to the orthogonality property (5), we obtain the solution of 
(1) and (2) in the form 
‘A 
I) 
= r(2~+a+Iz+l)r(2v+u+n+l) 
2e+2Q r(n - a) II 
&y;+,, / 5-2r-2o-1 
(16) . g(v+o) 
2(n+v) (E)W)d5+ --A-- 7 eEk 
2(v + a) 
WV-24 * 
2tn+vl (5) w a5 1 , 
\ n=O, 1, 2, . . . . 
where 
(17) P(f)=e+grn / e,(,-X)2r-2ar+nr-1f(~)ax 
and 
w a(,$) = T e-zx-28-2~-1(x -,t)2P-2v-1g(x) ax, 
provided cx+a+l>O, ~>v>cx--@z, 2v+u+l>O, u+lSO, and m is a 
nonnegative integer. 
3. SOLUTION BY REDUUTION TO ABEL INTEURAL EQUATIONS 
With a view to simplifying the oalculations involved let us split the 
problem posed by the pair of dual equations (1) and (2) into the following 
two parts: 
Problem (i ) . Determine the sequence {At)} satisfying the dual 
series equations 
(19) .jo r(2/9+y;n+l) kg++;; W=f(4, OSX<Y, 
(20) 2 
At’ jp + 4 
Qh+a+n+ 1) 2(n++B) 
(x)=0, y<x<m. 
n-0 
In this case we begin by assuming that for 0 5 x < y and for arbitrary 1, 
00 A!) 
(21) mZo r(2v+u+n+ 1) ‘2(n+j3) 
2(@+ 4 (x) = - eZ$P+2”+l 2 j & aE, 
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so that on using the orthogonality relation (5) and formulas (6) and (7), 
we have 
A’i’ = T(2P+a+n+ 1) T@v+a+n+ 1) F(l-A) 
II 2%9+20-~ r(n _ 0) 
(22) 
’ J e’ 2(8+a)-A k n &-1 (E)P)(f)dl, n=O 9 1 9 2 3 a**, 
0 
provided p+a+l> max (0, +A}, 2~1, and u+lSO. 
Now substitute for the coefficients Ai) in (19) from (22) and invert 
the order of summation and integration. We thus obtain 
(23) f(x)= i ef0(6)M(5, x)d5, 05x<fj, 
where 
0 
(24) M(E,x) = 2 
60 F(l-A)F(2v+u+n+l) k2(8+u)-A 
n-o 228+2~-1. r(n - 0) 
In view of (5) and (8), the last relation (24) with 3, = 28 - 2v can be 
shown to imply 
(25) J-f@, 2) = 
p+2o+1 F(2v-2/!?+ 1) 
22,--2a r(2a _ 2v) eB-% - 5)2a-2’-1 H(x - 8, 
where H(t) denotes Heaviside’s unit function, LY >v>/l- 4, /?+ a+ 1 > 0, 
v+u+l>O, and u+lSO. 
It is not difficult to verify that (25) does imply (24) with A= 28 - 2v. 
Indeed if we write 
and make use of (25) and the orthogonality property (5), then we have 
F(2a+u+n+ 1) ao 
M) = 22a+2o qn _ u) 
J X-‘,-2-l M(c$, x) k 
o ;I; 1;; (4 dx 
= eE~+2u+1~(2v-2/l+1)~(201+u+n+1) 
22v+2a r(n - a) q 2/X- 2v) 
= ~Pv-228+1) JVv+u+n+l) k2(v+4tEl, 
22”+2uF(n-u) F(26c+u+n+ 1) 2(n+v) 
n=O l 2 
, , , .-.> 
by applying formula (8), and (24) with A= 2j3- 2v follows immediately. 
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In view of (25), equation (23) is equivalent to Abel’s integral equation 
and if we suppose es/(x) to be continuously differentiable for 0 2 x $ a < y, 
then it follows from (10) that 
sin 2(01- v)7c e-s f-2v-2c-1 T(201- 2v) fw= ~ 22”4’ly2v-2/l+ 1) 
provided v<oL<v++, v>j?-4, B+a+l>O, v+o+l>O, and a+lIO. 
Therefore, the solution of the problem (i) is given by 
1 
A’“‘= r(28+a+n+l)r(2v+a+n+l) q 
ll 22”+2@r(n-u) r(2v--Lx+ 1) 
f $E-2v-24;;;;; (,t) 
0 
(28) 
*( 
f 5 (B:$2-2” ) ax at, n=O, 1, 2, . . . . 
provided that e”/(x) is continuously differentiable when OSxSa < y, 
oc>v> m&x{&--&,p-&}, /?+u+l>O, v+a+l>O, and u+l$O. 
Problem (ii). Determine the sequence {A?)} satisfying the dual 
series equations 
(29) 
(30) nzo r(2v+y;n+1) kg; (4=9(4, Y<X<O”* 
Let us suppose that for y <x < 00 and for arbitrary ,u, 
(31) 5 
AiF’ k2b + 4 
r(&!?+a+n+ 1) 2(n+ol) (x)=e-z 5 (x-rl)p 
’ &d-a+ 
a-o 
Then using (5) and (8) it is readily seen that 
Acidj= r(2~+a+n+l)r(201+Cl+a+n)r(l-~) 
n 22a+20 Ijn - u) 
provided ZLW+O+~>O, ,u<l, and 0+150. 
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Now multiply equation (30) by e-2x-2fl-2a-1 and integrate both sides 
with respect to x from x to CO, y <x < CO. Making use of formula (8) with 
/3 = 1, we thus have 
From (32) and (33) it follows that 
(34) 
where 
eEx28+2ah(x) = 7 e-gq-2a-w-p y(q) N(q, CC) dq, 
Y 
qq 
2 
x)’ $ mv+o+4 w~+P+o+N W-P) 
n-0 22a+2a F(n - a) T( 2~ + (3 + n + 1) 
(35) 
By virtue of (5) and (7), the last equation (35) implies, when ,u = 2v - 
-2a+ 1, that 
(36) wq, 4 = 
T( 2a- 2v) 
22a--2r q2v-2/?+ 1) 
~~-,~~+2”(r_x)2~-28~(r-z). 
Conversely, it can be shown that (36) implies (35) with ,u = 2v - 2a + 1. 
The proof would run parallel to that of the derivation of (24) with 
A=28-2v from (25). 
In view of (36), equation (34) reduces at once to the integral equation 
whioh is of type (11). 
Thus if we suppose that A(x) is oontinuously differentiable on the 
interval y < 1dx-c 00, then it follows from (12) that 
I Ybl) = - 
sin 2(/I-v) 2-c e2~q2”+2~+1 F(2v - 28 + 1) 
7c 22v-2a q 2c%- 2v) 
(38) 
* g [ &;?-2s+l~~~ 
provided OL > v, 2@+20+1>0, v<fi<v+&, 2v+o+l>O, and a+ldO. 
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Hence, the solution of the problem (ii) is given by 
A(““‘= _ q2/9+a+n+ 1) rpv+u+?Z+ 1) O" 
7l S 8 k$I$zi (7) 2"+2~r(n-u)r(2p-22Y) v 
(39) 
n=O, 1, 2, . . . . 
provided that h(x) = r eWt t-2fl-zo-1 g(t) dt is oontinuously differentiable 
when y<lSx<cq :BY>~-&, ,8>~, 2,9+2a+l>O, 2~+0+1>0, and 
a+ldO. 
A combinstion of problems (i) and (ii) will lead us to the solution of 
the dual equations (1) and (2) in the form 
(40) A n = A”’ + A’“’ n R , n=O, 1, 2, . . . . 
where Aci) and Ai*) A are given by (28) and (39) respectively. 
4. EQUIVALENCE OF SOLUTIONS AND PARTICULAR CASES 
It may be of interest to remark that the solution (40) is in complete 
agreement with that given, when m = 1, by equations (16), (17) and (18), 
since 
= - 7 ,-t f-w-‘+-1 (t - q)W-2~--1 g(t) &, 
tl 
it being already provided that /?>v. 
Note also thst the method of the preceding section has a distinct 
advantage over that by the multiplying factor technique, given in 8 2 
of this paper. Indeed it enables us to obtain, without any additional 
effort, values of series in (1) and (2) where they are not already speoified. 
For instance, formula (31) in conjunotion with (38) will yield the value 
of the series in (1) when y<x<oo; while the value of the series in (2) 
when OSzty is given by (21) and (27). 
Finally, we recall that for u = - 1, the relationship (4) yields 
(41) k$ y-; (x) = m.zI.(2x)2.-le-.L~-1)(22), 
where L:)(z) denotes the Laguerre polynomial of order B and degree n 
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in z. Thus, in the special case when (T = - 1, the dual equations (1) and (2) 
would readily correspond to those discussed in our earlier paper [7]. 
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